Abstract. For each pointclass Γ ⊆ P (2 ω ) define U [Γ] as the collection of all X ⊆ 2 ω such that the preimage f −1 (X) belongs to Γ for each continuous f : 2 ω → 2 ω . We study the properties of and possible relationships among the classes U [Γ], where Γ ranges over the σ-algebras (l), (m), the completely Ramsey sets, and the sets with the Baire property. We also prove some results about cardinal coefficients of U [Γ] for the general case of Marczewski-Burstin representable σ-algebras Γ. We finish by posing some unsolved problems.
Preface
In the early 1970's Fred Galvin and Karel Prikry in [11] defined two subcollections of the Ramsey sets that form σ-algebras; the Ramsey sets do not ( [9] ). At first, both collections were called the completely Ramsey sets. The article [11] is concerned with the collection that later became known as subsets of ω. We will often think of ω ↑≤ω and [ω] ω as subsets of 2 ω , and in those cases will conflate a sequence s ∈ ω ↑≤ω with φ(ran (s)), and s ⊆ ω with φ(s), where φ : ω → 2 is the characteristic function.
Let Lebesgue denote the collection of all Lebesgue measurable sets, Baire the collection of all sets with the Baire property, N the σ-ideal of sets with Lebesgue measure zero, and M the σ-ideal of meager sets.
If T ⊆ ω ↑<ω and σ ∈ ω ↑<ω , then succ T (σ) = {τ ∈ T : σ ⊆ τ and length (τ ) = length (σ) + 1}. If I and J are two σ-ideals, then we write I ⊥ J iff there exists X ∈ I such that 2 ω \ X ∈ J . For example, we have M ⊥ N . To avoid trivial cases we always assume that a σ-algebra A contains the Borel subsets of 2 ω . In this case the σ-algebra U [A] , and hence the σ-ideal H[U [A] ], contain all singletons.
Definitions
Definition 3.1. A set X in a topological space is 1. always of the first category (AF C) if it is meager relative to every perfect set; 2. universally meager (UM or AF C) if it does not contain a continuous and one-to-one image of a set of second category (see [13] , [14] , or [23] ); 3. meager additive (M * ) if M + X is meager for every meager set M (see [4] ).
It was proved in [23] that a set X is universally meager if and only if each Borel isomorphic image of X in R is meager, and that a product of two universally meager sets is universally meager. Notice also that UM ⊆ AF C. Suppose that F is an arbitrary family of nonempty subsets of a set X . The following collections of sets were considered in many papers (for example see [1] , [2] , or [21] ).
S(F)
We will assume throughout that X = 2 ω .
Definition 3.2.
A pair (A, I) (where A is a σ-algebra and I is a σ-ideal) has a Marczewski-Burstin representation (MB representation) if there exists a family of sets F such that A = S(F) and I = S 0 (F). In this case we let A 0 denote the ideal S 0 (F). We call the MB representation inner if F ⊆ S(F).
We let ( ), (m), and (s) denote, respectively, the σ-algebras S(F L ), S(F M ), and S(F S ), where ) has an inner MB representation whenever A ∈ {Lebesgue, Baire, CR, ( ), (m), (s)}. Indeed, for all but the first two classes this follows immediately from the definition. The pairs (Lebesgue, N ) and (Baire, M) have inner MB representations for F equal to, respectively, the family of positive measure perfect sets (see [8] ), and the family of all non-meager G δ sets (see [7] ).
Measure and category
This section is devoted to the case of two classical σ-algebras: Baire and Lebesgue. Let us start with the following: 1. X is a universal measure zero set.
Proof. Assume that X is a universal measure zero set, f : 2 ω → 2 ω is Borel, and define
Consider the measure µ vanishing on singletons and defined on the Borel subsets of 2 ω given by:
where λ denotes as usual Lebesgue measure. Then since X has universal measure zero, we conclude that there is a Borel set B ⊆ 2 ω such that
The proof of the opposite case follows from the classical result that any two Borel measures on the Cantor set vanishing on singletons are Borel isomorphic (see Theorem 17.41 in [16] ).
We do not know whether the theorem is still true with
The situation in the "Baire" case is much harder. Let us cite the following result (see [24, Theorem 1.2] ) which completely solves the Baire case and strongly improves our previous results on this topic:
σ-Fields associated with tree forcings
Definition 5.1 (see [6] ). A pointclass Γ over a topological space X is said to be topologically reasonable (over X ) if it is closed under preimages by continuous functions from X to X , and has the property that X ∩ Q ∈ Γ for every X ∈ Γ and every closed Q ⊆ X .
We begin with the following easy proposition. 
Borel and thus belongs to Γ. The following result from [6] is crucial in our proofs of the relations from 
Therefore we have as an immediate consequence the diagram in Figure 1 which is a "uniform" version of the diagram following Corollary 3.5 of [6] .
Let us prove for example:
Proof We can prove the other implications shown in Figure 1 and Figure 2 by the same method (except the inclusion UM ⊆ H[U [Baire] ] which follows immediately from Theorem 4.2.) Proof. Under the Continuum Hypothesis, there exists a Sierpiński set, and every Sierpiński set is U CR 0 (see [10] ) and UM (see [13] ).
The next two examples show, modulo the Continuum Hypothesis, that the inclusions indicated in Figure 2 are the only ones possible. Proof. Assume the Continuum Hypothesis. Let X ⊆ 2 ω be such that X ∈ M * and X ∈ ( ) 0 (Theorem 3.6 from [17] Proof. Assume the hypotheses, write A = S(F), and fix γ < κ. First we show that Y = α<γ Y α ∈ A whenever Y α ∈ A for all α < γ. Notice that this claim was proved in [21] (see Theorem 2.2) for the case κ = ω 0 . For the sake of completeness we include the proof for the general case. Suppose that P ∈ F and that there exist α < γ and
On the other hand, suppose that no member of F lies in Y α ∩ P for any α < γ. The MB representation is inner so P ∈ A, and this implies that Y α ∩ P ∈ A 0 . It follows that there is some Q ∈ F such that Q ⊆ P and
and f is continuous. Then
Now let us formulate the main theorem which is a useful tool to obtain counterexamples in this setting. At stage ψ < c, suppose that we have constructed sequences {X α : α < ψ} and {Y α : α < ψ} such that 
The continuous image of a Borel set is Σ 1 1 , and considering (3) in the hypotheses we may assume without loss of generality thatf (
Observe that L α contains a point of X and a point of X c for every α < c, hence X / ∈ A. To see that X ∈ U [B], fix ψ < c and write
The foregoing discussion leads us to define two properties of MB represented algebras and ideals as follows. Suppose that A and B have inner Marczewski-Burstin representations A = S(F) and B = S(G). Consider the following two conditions: ( †): for all continuous f : 2 ω → 2 ω and for every P ∈ G, there exists some Q ∈ G such that Q ⊆ P and f (Q) ∈ A 0 ; and ( ‡): for every continuous f : 2 ω → 2 ω , there exists some X ∈ A 0 such that 2 ω \ f −1 (X) ∈ B 0 . Then ( ‡) implies ( †) and the condition ( †) is exactly the property from Theorem 6.2. In the meantime, the condition ( ‡) implies the relation of "orthogonality" of the σ-ideals A 0 and B 0 , i.e. condition ( ‡) implies that
The remainder of this section is devoted to proving that condition ( †) holds for any two σ-algebras in the bottom row of Figure 2 , except for the pair U CR and U [( )], which we cannot solve. First we show that ( †) holds when A = (m) and B = (s). Let us denote by ≤ * the standard eventually dominating ordering of the space
). Lemma 6.3 ([15] ). Let X ⊆ ω ω be an analytic set (i.e. X ∈ Σ 1 1 ). Then the following are equivalent:
1. There exists a superperfect tree T such that On the other hand, suppose that 
